4-bit Linearity Test

We have

2 < 2Pry s[accepts] — 1 = 2By, - [3(1 + f(x)f(y)f(2)f(xyz))] — 1
= Exy2[f(X)f(y)f(2)f(xyz)]
= Ex,yz[ Z 'A‘a?ﬁ?fy?cSXa(X)XB(y)X’y(Z)Xé(XyZ)}
a,B,7,0

= " EBE By [Xass()xses (V) xr05(2)]
a,B,7,0
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and thus there exists 4 such that || > v/2¢.



3LIN to 3SAT

Let’s use additive notation, instead. Note that
Xoydz=1
if and only if
(x,y,2) ¢{(0,0,0),(0,1,1),(1,0,1),(1,1,0)},
i.e., if and only if
(XVYVZ)AXV=yV-=z)A(-XVYyV-z)A(-XxV-yV2z).

This gives 3LIN with n equations — 3SAT with 4n clauses,
@ (1 — ¢)n equations satisfied — (1 — )4n clauses satisfied

@ atleast 1/2 — ¢ equations not sat. — at least (1/2 —¢)n
clauses not sat.

Hence, Gap3LIN;_, 1 /5. reduces to Gap3SAT;_, 7 /g /4-
e 4 4444



Graph Linearity Test, k = 3

For T = (1-+f(x)f(y)f(xy))(1+(x)f(2)f(x2))(1+f(y)(2)f(yz)) -1,
we have
8e < 8Pry s[accepts] — 1 =8Ey - [(T+1)/8] —1=Exy[T]

= E[f(X)f(¥)f(xy) + - -- f(V)H(2)f(xy)f(x2) + - - - F(xy)F(x2)(yz)]

- Z ?Q?B?WE[Xa(X)Xg(y)xw(xy)] 4.
a.Byy

A A A

+ > falsh BEa()Xs(2)x (0 )X ()] + -+
a,B,7v,0

+ > Tafsh Elxa(xy)xs(x2)x, (y2)]
a,By

=4 13 +3)  f4 < max(4f, + 37?)

and thus exists o such that 8¢ < 4f, + 372, implying
fo>5(V1+6e—1)>e.
e 4 4444



Optimality of Graph Linearity Test, Fourier Coefficients

Let us switch to the multiplicative notation, so

n

g(y):H(_1)( —Y2i—1)(1=y2i) /4
i=1

for y € {—1,1}?". We have
18l = [Ey g0

n n
= ‘Ey [H(_1 )(1 —Yai-1)(1—)2i)/4 H Xan{ysi_; ,,Vzi}(y)} ’
i =1

n
H)E}Q: e [(— 1)) e)/4 Xam{yz,_hyz,-}(}/ziqJ’zi)]‘



Optimality of Graph Linearity Test, Linearity in a

Subspace

Random k-dimensional subspace L: choose vectors vy, ..., Vg
independently and take L as their linear span.

@ Prob. vy, ..., v, not linearly independent — 0 as n — cc.
e Coordinates (xi,...,xx) € Fk: y = 2K . xvi.

ay) = zn:}/2a—1}/2a = z’"’:(z": XiVi,2a—1> (z": XjVj,za)

a=1 j=1

Z(ZVIZa 1V/23)X/+Z<Zvl2a 1Vj2a + Vi2aVj2a— 1>X1Xj

i=1 a=1 i<j a=1

Linear if the coefficient at x;x; is O for every i < /.



V1, - .., Vi independent, want probability that for all i < j,
n
Cij= Z Vi2a—1Vj2a + Vi2aVj2a—1 = 0.
a=1

@ Imagine choosing the odd coordinates,
b = (V,'71, Vig,..., Vi,2nf1) for all j, first.
e Aas.asn—oo,fori=1,..., k,there exists a; such that
bi,a,- =1and bj,ai =0forj#i.
o Consider fixed by, ..., bk with this property ().
@ Letuj = (Vi2,Via,...,Von) be the yet unchosen
coordinates: ¢;; = (b;|u;) + (bj|u;).
@ Dueto (x),forany t < k—1andany di,...,d,

—t.
Pricit1 =Cotp1 = ... =Crpy1 =0luy =dy, ..., Uy = ] =277,
hence,
. . 7t
Prici i1 =Coty1 = ... = Crpy1 =0Jcj =0fori<j<t]=2"".

Pricj=0foralli<jl=2""2"2...27(k=1) - o—(3)



