Summer School on Polynomial Paradigm in Algorithms Summer 2020

Problem Set 2

Given two polynomials p,q € R>q[z1, ..., 2,] we define the inner product of p, g as follows:
<pa (]> = Q(az)p‘zzo = p(az)Q|z:() = Z Cp(/f)cq("{)"da
HEZ%U

where ! = [T, K;!.

In this exercise we will sketch the proof of the following theorem.

Theorem 2.1. For any two real stable polynomials p,q € R>glz1,...,2x],
sup e”“f(p,q,a) < (p,q) < sup f(p,q ) (2.1)
aeRgo aeRgO
where (w)a(2)
ply)q(z
f(pa q, Ol) = I Na

y,2€RY, (yZ/Oé)a )

Recall that (yz/a)® =TI (yizi/a;)*. Furthermore, in the special case that p,q are multilinear we can
improve e=% to (1 — a)l=.

To motivate, first try to show that sup,>q f(p, ¢, @) can be computed in polynomial. This theorem has
several applications and it has lead to several further results in this area. In this exercise, we sketch the
proof of the LHS, i.e., the hard direction of the above equation.

1) Optional: Prove that SUDyeRy f(p, ¢, ) can be turned into a convex program. More precisely, a saddle

point concave-convex problem, i.e., prove that log f is a concave function of o and its value is inf of
a convex function. It can be shown that this program has a polynomial time algorithm using ellipsoid
method.

2) The statement about all real stable polynomials can be reduced to multilinear ones by the polarization
technique. Given a polynomial p € R[z1,..., 2,], let m > max; deg,. p. The polarization of p, 7, (p) =
Rlz1,1,- -3 21,m, -+ 2n,m) is the multilinear polynomial defined as follows: For any 1 < ¢ < n and
1 <j < deg,, p we substitute any occurrence of zf with %ej(zi,l, ..., Zi,m). Note that this polynomial

J
is symmetric under all clonings of z; and if we specialize all z; ;’s with z; we get back the polynomial p.
Borcea, Brandén and Liggett proved the following theorem:

Theorem 2.2 ([BBLO08]). p € Rz, ...,2,] is stable iff m,,(p) is stable for all m > max; deg, p.

Suppose that for any two multilinear real stable polynomials p,q € R>¢[z1, ..., 2,], and any o € R%,

(1 - a)liaf(pa Q7a) < <p7 Q>
Prove the left side of (2.1) for any polynomials p, ¢ (which are not necessarily multilinear).

3) Prove that for any two multilinear polynomials p € Rly1,...,yn],q € Rlz1,...,24],

n

<P7 Q> = H(l + 6.%821 )pQ|y:z:0-

i=1
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2-2 Assignment 2

4) Unfortunately, 1 + 0,,0., is not a stability preserver operator. So, we cannot immediately invoke
Gurvits’ like technique. Instead, we need a stronger induction hypothesis. Say, a polynomial r €
Rlyi,...,21,..., 2] is bi-stable if (y1,...,Yn, —21,..., —2n) is stable. Show that if p,qg € R>g[z1, ..., 2]
are stable then r = p - ¢ is bi-stable.

5) Show that if r is bi-stable so is (1 4 0y,0.,)r

yi=z;=0-"

6) Use induction to prove that for a multilinear bi-stable polynomial p € R>o[y1,...,Yn, 21, ..., 2,) and any

n
a € Rzm
n

) ) A > _ l—-a p(y,z) .
7:1;[1(1 + 0y, 02,)ply=2=0 > (1 — ) yglio (yz/a)e

For this exercise, assume that the statement holds for n = 1.



